A superconducting self-shielding three-solenoid system with an adjustable shielding factor is developed, implemented, and characterized using a single antiproton in a Penning trap. With the tuned system, we suppress external magnetic field disturbances by up to a factor of 225 ± 15, allowing antiproton-toproton charge-to-mass ratio comparisons with fourfold reduced frequency fluctuations and antiproton magnetic moment determinations with tenfold reduced uncertainty.
I. INTRODUCTION
Single particles in Penning traps are sensitive probes to test fundamental symmetries and to measure fundamental constants. Stringent tests of charge-parity-time-reversal symmetry [1] [2] [3] [4] and quantum electrodynamics [5] have been performed with such systems, as well as the most precise determinations of masses in atomic units [6] [7] [8] and the fine-structure constant α [9] .
A great strength of the Penning trap is its conceptual simplicity. A stable static magnetic field and an electrostatic potential define the trap volume [10] , in which single particles can be stored and observed for years [11] . The fields, together with particle properties such as the charge q, mass m, or magnetic moment μ, lead to characteristic oscillation frequencies. Direct measurements of these frequencies by weakly coupled detection circuits with single-particle sensitivity [12] give access to the fundamental properties of the particle. Measurements of cyclotron frequencies ν c enable the determination of charge-to-mass ratios q/m, while g factors can be extracted from the ratio of the Larmor frequency ν L to the cyclotron frequency g/2 = ν L /ν c . The most precise Penning-trap charge-to-mass ratio comparisons reach 7 parts per trillion (p.p.t.) [13, 14] , and the best g-factor measurements reach 0.3 p.p.t. [9] .
A limitation of Penning traps is that any external fluctuations that interfere with the trapping fields add noise to the frequency measurements. A particular challenge is that Penning-trap experiments on exotic particles are often located in environments where the magnetic field noise is especially high, as the particles have to be produced at powerful accelerator facilities such as CERN's Antiproton Decelerator [15] , radioactive ionbeam sources [16] [17] [18] [19] [20] [21] , or highly charged ion facilities [22] . Without effective strategies to combat this noise, Penning-trap-based frequency measurements struggle to reach uncertainties on the parts-per-billion (p.p.b.) level or below.
In this paper, we describe an innovative general approach to efficiently shield the Penning trap of the BASE experiment [23] at CERN from magnetic field fluctuations imposed by the Antiproton Decelerator (AD). We create a multicoil system of persistent superconducting coils that allows optimization of the shielding factor by selective coil activation. With the coil system active, we suppress certain external magnetic field disturbances by a factor of approximately 225 ± 15. By combining this multicoil self-shielding system with a data-acquisition sequence linked to the deceleration cycle of the AD, we suppress the parts-per-million-level magnetic field fluctuations and measure antiproton cyclotron-frequency fluctuations of 1.5 ± 1 p.p.b., where the suppressed external magnetic field fluctuations are presently not resolved.
II. MAGNETIC ENVIRONMENT
To illustrate the operational conditions in CERN's AD facility, Fig. 1(a) shows the typical magnetic field noise over 24 h alongẑ, the direction of the horizontal superconducting magnet of B m = 1.945 T used in the BASE setup. Numerous features are present, including the switching of the AD extraction magnets to steer the antiproton beam into a neighboring experimental zone and the magnetic disturbance produced when a bridge crane moves over the BASE trap. Other magnetizable objects moving in the fringe field of the magnet can also cause field changes. Moreover, the ramping of the magnetic field every AD cycle creates periodic magnetic field changes, as shown in Fig. 1(b) . The largest field shift, > 3 μT, is in the vertical directionŷ, whereas shifts on the order of several 100 nT (50 p.p.b.) per 120 s deceleration cycle are observed along the horizontal trap axis. The ELENA decelerator [24] , with its closest magnet located approximately 5 m from the BASE experiment, also adds 30-90 nT peak-topeak fluctuations with a period of 10-90 s. Unshielded, these fluctuating fields add unacceptable noise, corresponding to peak-to-peak fluctuations in the instantaneous cyclotron frequency (29.6 MHz) of approximately 8 Hz (270 p.p.b.) for a horizontal superconducting solenoid field as in BASE and approximately 60 Hz (2000 p.p.b.) if the solenoid is vertically oriented. The self-shielding multicoil system presented in this paper is invented to efficiently damp these external fluctuations with high flexibility and to enable measurements of the fundamental properties of the antiproton at the sub-parts-per-billion level.
III. THE SELF-SHIELDING COIL
The self-shielding coil (SSC) was invented to remove external magnetic field noise in a cryogenic experiment. It was pioneered by Gabrielse and Tan [25] and is further developed in this work. In its simplest form, this consists of a closed persistent superconducting solenoid of a carefully chosen length-to-diameter (l/d) ratio, which is introduced into the Penning-trap system. For the optimum choice of l/d, conservation of magnetic flux ensures that the persistent current induced in the self-shielding coil generates a magnetic field B SSCĉ at the particle position that exactly cancels the external magnetic field changes alongĉ.
A schematic diagram of a section of the coil, the Penning trap, and the magnetic fields at the particle position x 0 inside the SSC is shown in Fig. 2 . From these fields, we can define the intrinsic shielding factor S as follows:
Here, B e is the external-field change at x 0 . For an ideal densely wound single-layer self-shielding solenoid, choosing l/d ≈ 0.8760 perfectly shields homogeneous external magnetic field disturbances parallel to the coil axis for a particle at the coil center.
In practice, achieving a large shielding factor S > 100 involves overcoming a range of imperfections and perturbing effects. A significant difficulty in designing coils with very high shielding factors is the effect of mutual inductance between the shielding coil, the main superconducting 044012-2 coil, and the numerous shim coils of the Penning-trap magnet. Considering, for simplicity, the case of a single exterior coil: if the SSC is perfectly centered inside the coil, the effect on the optimum l/d is only significant when the cou-
Here, L SSC and L EC are the self-inductance of the SSC and the exterior coil, respectively, and M is the mutual inductance between the coils (all inductance calculations in this work use the formulas given in Ref. [26] ). For example, an SSC with l/d = 0.8760 placed inside a superconducting coil of the same length and 25% larger diameter (κ = 0.72) leads to a coupled system with a combined shielding factor S = −101. To achieve perfect shielding inside such an exterior coil, the interior coil should have l/d = 0.8413, which is 4% smaller than the value for the free selfshielding solenoid. If the SSC and the exterior coil are concentric but axially displaced, the optimum l/d value can shift more significantly, even if κ 1. Since the dimensions and locations of the coils inside a commercial superconducting magnet are not generally known, these effects can only be approximately estimated during the design of a self-shielding solenoid.
A second important consideration is the effect of imperfections in the manufacturing and installation of the SSC. The shielding factor is very sensitive to the coil dimensions and position. For small deviations δ(l/d) about the optimum l/d value, the inverse shielding factor for a densely wound single-layer solenoid scales as δ(S −1 ) ≈ −0.25δ(l/d), so that a 2-mm error in the length on a coil of nominal length 68 mm and nominal diameter 78 mm limits the shielding factor to |S| < 160. For various technical reasons, it is difficult to achieve a significantly lower uncertainty on the overall coil length. In addition, the position of the SSC with respect to the particle position x 0 modifies the shielding factor or, equivalently, the required l/d ratio for optimal shielding. For example, a shift of 2 mm with respect to the foreseen particle position in the previously mentioned coil typically limits the shielding factor to |S| < 120. Spatial constraints mean that it is not always possible to align the SSC center with the particle position, so having a larger volume with a high shielding factor is beneficial.
The performance of the SSC system is also strongly affected by any angle ε between the SSC axisĉ and the main solenoid axisẑ, as depicted in Fig. 2 . This can be caused by a tilt in the coil windings or because the entire SSC coil is tilted relative to the magnet bore. To understand why this is a problem, we start by writing the total field at the position of the particle as follows:
where
Here, we use (1) to rewrite B SSC . Since B m | B e |, only the change in the z component of the magnetic field significantly changes the magnitude of the total field and hence the cyclotron frequency of the trapped particle. Therefore, we define a effective shielding factor S eff
Note that this effective shielding factor depends on the direction of B e . Using cos ε =ĉ ·ẑ, we find, to first order in ε, that
Here, B e,x , B e,y , and B e,z are the three components of the external-field change and θ is the angle between the projection ofĉ onto the x-y plane and the x axis, as shown in Fig. 2 . The effect of a tilted coil and an angled field can lead to a pronounced difference between the effective and intrinsic shielding factors. As an example, if ε = 1 • , then a coil with S −1 = 0 will have an effective shielding factor of S eff < 100 with respect to 67% of all possible external magnetic field directions. In addition, if the misalignment angle ε of the SSC fluctuates by δε-for example, due to vibrations-this induces fractional magnetic field noise δB/B m parallel toẑ, which is described to first order in ε by the following:
Hence it is crucial to keep ε as close to zero as possible.
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These considerations make it difficult to ensure that an optimally designed SSC system will effectively yield S eff > 100 when constructed and installed in an existing superconducting magnet. The approach described in this paper overcomes this difficulty with through the development of a self-shielding coil system with adjustable l/d. This is realized using three separate coils with different l/d values close to the theoretical optimum, which can be selectively activated to find the optimal shielding factor. Coils can also be activated in pairs or all together; however, the mutual inductance between active coils means that their combined shielding factor is not the product of their individual shielding factors. Since the manufacturing imperfections discussed above lead to an uncertainty in the mutual inductance, it is, at the current manufacturing tolerances of the system, difficult to predict the performance of the coil combinations, a problem that we may overcome in future iterations. The ability to adjust l/d results in a larger volume with a high shielding factor and gives the possibility of counteracting the effect of a common tilt between the magnet axis and the SSC axis. This improved SSC system also allows considerable flexibility in a multitrap electrode structure [4, [27] [28] [29] , where each trap can have its own optimized SSC, activated when particles are in that particular trap.
IV. COIL DESIGN AND CONSTRUCTION
The coil system is presented in Fig. 3 and consists of three individual single-layer closed solenoids of lengths 68 mm, 75 mm, and 86 mm. These are chosen to span a range of S −1 = ±0.03 around an experimentally constrained optimum. Each solenoid is densely wound with Formvarinsulated single-filament NbTi wire with an uninsulated diameter of 125 μm. The coils are wound around a cylindrical cryogenic vacuum chamber with an outer diameter of 77 mm. The vacuum chamber is made out of oxygenfree high-conductivity electrolytic copper and contains the stack of Penning-trap electrodes. A cross-section view of this trap installed in our superconducting magnet is shown in Fig. 3(a) and a closer view of the trap can and trap electrodes is shown in Fig. 3(b) . Due to experimental constraints, the center of the coils is displaced by 11 ± 2 mm from the central ring electrode of the highly sensitive magnetically homogeneous measurement trap, called the precision trap (PT). The solenoids are separated by layers of tightly wound polytetrafluoroethylene (PTFE) tape and a layer of 100 μm Kapton foil to provide electrical insulation between the layers and good thermal contact, as illustrated in Fig. 3(c) . Each solenoid has its individual quench heater, formed by wrapping part of the NbTi wire densely around a 100 resistor. By dissipating 0.8 mW across the quench heater, the NbTi wire can be heated above its superconducting transition temperature (approximately 9.5 K), making sure no persistent currents will flow through the coil. Depending on the dissipated power, the time constants for the on-off switching are on the order of a few seconds. In order to prevent cross talk between different coils and quench heaters, the heaters are physically separated from each other. The heaters are thermally isolated from the copper chamber using multiple layers of Kapton strips with a total thickness of 1.5 mm. The persistent joints are made with an argon-ion arc-discharge spot welder (Lampert, PUK-5). A photograph of a persistent joint taken through the spot welder's microscope is shown in Fig. 3(d) .
V. MEASURING THE EFFECTIVE SHIELDING FACTOR
To characterize the effective shielding factor of the SSC system, we apply a set of external magnetic field changes and measure the magnetic field seen by an antiproton kept at the center of the BASE precision trap. By repeating this procedure for each quench configuration of the SSC system, we can determine the intrinsic shielding factor S and misalignment angles ε and θ for each of the three coils. The magnetic field at the center of the trap is determined using frequency measurements performed with a single trapped antiproton. In the combined magnetic and electric fields of the Penning trap, the trapped antiproton has three eigenfrequencies, one corresponding to its axial motion with frequency ν z ≈ 640.430 kHz and two associated with its radial motion, the modified cyclotron frequency ν + ≈ 29.643 MHz, and the magnetron frequency ν − ≈ 6.917 kHz. The invariance theorem [30] relates these frequencies to the free cyclotron frequency ν c and hence the total magnetic field B tot at the center of the Penning trap:
The frequencies are measured by detecting induced image currents on the trap electrodes, which are amplified using a tuned LC circuit and cryogenic amplifiers. In the precision trap, two detection circuits are used, one to measure the axial oscillation frequency ν z [12] and the other for direct measurements of the modified cyclotron frequency ν + [31] . We perform modified cyclotron-frequency measurements using both the sideband frequency-determination method using the axial detector [32] and by directly measuring the modified cyclotron peak frequency at low cyclotron excitation energies (4-6 eV) using the ν + detector.
In order to measure the intrinsic shielding factor and the misalignment angles introduced in Eq. (4), we generate defined magnetic field disturbances, record the changes of the external field B e , and measure the resulting changes in the cyclotron frequency ν c of the trapped antiproton. We produce the magnetic field disturbances by moving two bridge cranes through the experimental hall and simultaneously measuring all three components of the magnetic field in the BASE zone using a sensitive flux-gate magnetometer (Stefan Mayer Instruments FLC3-70). The flux gate is displaced 0.8 m horizontally along x from the center of the Penning trap, but is otherwise aligned with the trap center. The magnetic field as a function of crane position in the AD hall is shown in Fig. 4(a) . Figure 4(b) shows the position of the cranes in relation to the BASE experiment and other experimental zones in the AD hall. The intrinsic shielding factor S and misalignment angles ε and θ are then extracted by a multivariate fit of the following function:
where ν c is the change in the cyclotron frequency and B e,x , B e,y , and B e,z are provided by the averaged fluxgate readings. Here, we keep only the dominant terms from Eq. (4). In these data, we do not remove the effect of the extra shielding S = 1.2(1) provided by the main magnet.
To illustrate the sensitivity of our measurement procedure to each parameter, we show in Fig. 5 the response of the antiproton cyclotron frequency to various types of external magnetic field changes. In this case, only the 86mm coil is superconducting. Within the error bars, the fitted model, plotted in red, reproduces the changes in the magnetic field measured with the antiproton.
By performing such measurements for each coil, we obtain the respective intrinsic shielding factors and misalignment angles. The shielding characteristics of combinations of coils are investigated as well, but only the combination with the best shielding factor is fully characterized. The results are summarized in Table I .
We first consider the intrinsic shielding factors S for the individual coils. Figure 6 shows the intrinsic shielding factors of the single coils compared to our theoretical calculations as a function of l/d. The measured shielding factors show the same trend as the theoretical predictions. Comparing to the calculations, the measured intrinsic shielding factors indicate that the coils are about 2 mm closer to the 044012-5 The magnetic field change registered by the antiproton when the 86-mm SSC is active is shown as a function of several external magnetic field disturbances. The intrinsic shielding factor S governs the response to a field purely along the magnet axis B e,z (top). The dependence on ε is visible when the external-field change is purely radial and at a fixed angle φ e = tan −1 B e,y / B e,x (middle). When the field is purely radial but its direction φ e is varied, the effective shielding factor S eff is sensitive to the misalignment angle θ (bottom). The red lines show the behavior predicted by Eq. (1) using the fitted parameters.
PT center than naively expected. This discrepancy could also be attributed to the interaction of the SSC system with the shim coils of the superconducting magnet. Nevertheless, our adjustable self-shielding three-solenoid system achieves a shielding factor of −210 > S > −240 for fields along the magnet axis by activating the 75-mm coil. While this is one of the largest reported increases in shielding factor achieved by incorporating an SSC system into an existing Penning-trap solenoid, field changes not along the SSC axis will be suppressed to a lesser extent due to the misalignment of the SSC system. As shown in Table I , the misalignment angles ε between the coil axis and the BASE magnet are in the range of 0.2 • − 0.5 • for the three coils: these values are consistent with mechanical misalignment and manufacturing accuracy. The last two columns of Table I show the estimated and measured shielding factors for the disturbances imposed by the AD machine. The results are obtained by recording direct cyclotron peak signals [31] at a cyclotronfrequency sampling rate of 0.0625 Hz. Since the magnetic field disturbance is not perfectly aligned with the magnet axis, the shielding performance of the coils for this particular field direction is modified according to Eq. (4). As shown in the table, the measured effective shielding factors are in agreement with what we predict using the measured coil parameters and the known AD field direction, confirming the consistency of our shielding factor model. Figure 7 illustrates different aspects of the performance of the multicoil magnetic shielding system with the 75-mm and 86-mm coils active. In Fig. 7(a) , we show a 24-h TABLE I. The inverse shielding factors and misalignment angles for the three coils and the combination of the 75-mm and 86-mm coils. Based on these parameters, the estimated effective shielding factor for the magnetic field disturbance of the AD cycle is given, together with the measured effective shielding factor during AD operation. measurement of the external magnetic field (red) and the magnetic field measured by the antiproton (blue). Due to the high shielding factor of this configuration, the abrupt changes due to craning activities in the facility are strongly suppressed and the experiment continuously samples without any loss of data. To further improve the frequency scatter, we synchronize the cyclotron-frequency measurement cycle to the injection of antiprotons into the decelerator. This ensures that the frequency measurements average over similar AD-imposed magnetic field ramps with a timing jitter of 100 μs. To quantify the contribution of the magnetic field stability to the ultimate statistical uncertainty that can be reached in our cyclotron-frequency measurements, we record synchronized sequences of cyclotron frequencies ν c,k , where the subscript k denotes the kth ν c measurement, and evaluate the standard deviation σ of the recorded fractional frequency differences = σ (ν c,k+1 − ν c,k )/ ν c as a characteristic figure of merit. Figure 7 (b) displays a set of scatter distributions resulting from different measurement campaigns. The blue histogram, with a fractional fluctuation 14 ≈ 5.9 ± 1 p.p.b., shows results obtained with an S = 10 magnet in the 2014 antiproton run [1] -the most stringent comparison of antiproton-to-proton charge-to-mass ratios to date. Also shown are two data sets with the self-shielding multicoil system active; the red data are acquired when the AD is operational and the yellow data during accelerator shutdown. It is clear that there is no significant difference between 18−19,on ≈ 1.4 ± 1 p.p.b. and 18−19,off ≈ 1.5 ± 1 p.p.b. Therefore, the magnetic field noise of the AD is not resolvable in the current experiment due to the performance of the adjustable SSC system. Moreover, the introduction of the multicoil system reduces the cyclotron-frequency fluctuation by a factor of approximately 4. With the new system, the time needed to reach a given statistical precision during a future antiproton-toproton charge-to-mass ratio measurement is reduced by a factor of 16.
VI. PERFORMANCE DURING FREQUENCY MEASUREMENTS

VII. CONCLUSION AND OUTLOOK
We develop and characterize a multicoil magnetic shielding system that considerably improves the performance of the BASE antiproton experiment in the magnetically noisy environment of the Antiproton Decelerator facility at CERN. The system suppresses external magnetic field fluctuations along the magnet axis by a factor S = 225 ± 15, while changes in most other field directions are suppressed by a smaller effective shielding factor S eff . The system could be further improved by reducing the misalignment angles and by combining the passive SSC with active magnetic field cancellation using external coils, where shielding factors in excess of 10 4 have been observed [33] . These improvements are currently not necessary as with the coil system active and using an accelerator-synchronized frequency sampling method, we reach a fractional cyclotron-frequency scatter of 1.5 ± 1 p.p.b., where the suppressed external magnetic field fluctuations are presently not resolved.
The cyclotron-frequency stability is improved by a factor of 4 compared to our previous antiproton-to-proton charge-to-mass ratio comparison [1] , which consequently reduces the measurement time needed to reach a certain precision goal by a factor of 16. The multicoil SSC system will reduce the line width in antiproton g-factor measurements to around 1 p.p.b., which enables sub-parts-per-billion magnetic moment measurements [4] , and a further improvement in relative precision by a factor of 10 compared to the result from our recent multitrap measurement [2, 34] .
Consequently, the multicoil SSC system is an essential tool to improve tests of fundamental symmetries with protons and antiprotons and other Penning-trap precision measurements and may have broader applications to magnetically sensitive measurements in high-field environments.
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